Wild p-Cyclic Actions on Smooth Projective Surfaces with pg=q=0  by Keum, JongHae
Ž .Journal of Algebra 244, 4558 2001
doi:10.1006jabr.2001.8789, available online at http:www.idealibrary.com on
Wild p-Cyclic Actions on Smooth Projective Surfaces
with p  q 0g
JongHae Keum1
Korea Institute for Adanced Study, 207-43 Cheongryangri-Dong, Dongdaemun-gu,
Seoul 130-012, Korea
E-mail: jhkeum@kias.re.kr
Communicated by Paul Roberts
Received May 2, 2000
DEDICATED TO HERB CLEMENS ON THE OCCASION OF
HIS 60TH BIRTHDAY
Key Words: wild p-cyclic action; surfaces with geometric genus and irregularity
zero; p-torsions of rational elliptic surfaces.
0. INTRODUCTION
Throughout this paper we assume that the ground field k is an alge-
braically closed field of positive characteristic p.
Let X be a smooth projective surface, not necessarily minimal, with
1Ž . 2Ž .H X, O H X, O  0 defined over k. In this paper we studyX X
automorphisms of order p of X and prove the following.
MAIN THEOREM. Let X be a smooth projectie surface, not necessarily
1Ž . 2Ž .minimal, with H X, O H X, O  0 defined oer a field k of charac-X X
teristic p 0. Suppose that X admits an automorphism g of order p. Then we
hae the following:
Ž . g1 The set of fixed points X of g is nonempty and connected, i.e.,
either a point or a connected cure.
Ž . Ž .2 The quotient ariety Y X g has at most rational singularities,
˜ 1 ˜ 2 ˜Ž . Ž .and its minimal resolution Y has H Y, O H Y, O  0.˜ ˜Y Y
1 The research of the author was supported by KOSEF Grant 1999-2-102-002-3.
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Note first that the theorem covers smooth rational surfaces, Enriques
surfaces, some elliptic surfaces, and surfaces of general type with geomet-
ric genus p  0.g
For K 3 surfaces, a similar result was obtained by Dolgachev and Keum
 DK . More precisely, it is proved that if g is an automorphism of order p
of a K 3 surface X in positive characteristic p, then the set X g is empty, a
 point, two points, or a connected curve. The reader is referred to DK for
details.
We remark that if G is a finite abelian group of prime power order
acting on a smooth projective variety defined over an algebraically closed
 field of characteristic p 0 and if p does not divide G , then either
G G Ž X  or X contains at least two points Assadi et al. ABK, Corollary
.3.2 . For example, over the field of complex numbers an involution acting
on a Godeaux surface, a surface of general type with p  0 and K 2 1,g
must have X g consisting of five points and at most five mutually disjoint
 smooth irreducible curves KL .
In Sections 1 and 2 we recall some general results about wild cyclic
 actions developed in DK , including Grothendieck’s spectral sequence for
 cohomology of G-equivariant sheaves from G . Section 3 is devoted to the
proof of our Main Theorem. In Section 4 we apply our result to p-torsions
of rational elliptic surfaces in characteristic p, proving for example that
there is no p-torsion if p 5. At the end of Section 3 we also consider the
case of wild p-cyclic actions on surfaces with arbitrary p and q: seeg
Theorem 3.8 and Example 3.9.
1. GROUP COHOMOLOGY SHEAVES
Let G be a group acting on a topological space X, and let Y XG be
the quotient space and  : X Y the quotient map. Consider the category
Ž .S X, G of abelian G-sheaves on X and the category A of abelian groups.
The functor
GS X , G  A, F  X , FŽ . Ž .
can be represented as a composition of functors in two different ways,
S X , G  S Y  A, F G F  Y ,G F ,Ž . Ž . Ž .
GS X , G  A A, F  X , F   X , F ,Ž . Ž . Ž .
G Ž 1Ž . .Gwhere F is the sheaf U   U , F . This gives two spectral
Ž   .sequences for the compositions of functors see G , Theorem 5.2.1 ,
E p , q F H p Y , H q G , F H n , 1.1Ž . Ž . Ž .Ž .2
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 E p , q F H p G , H q X , F H n . 1.2Ž . Ž . Ž .Ž .2
qŽ .Here the sheaves H G, F can be defined on open subsets of Y by
H q G , F U H q G , F  1 U . 1.3Ž . Ž . Ž . Ž .Ž .
We will apply this to the situation:
X is an irreducible algebraic variety over a field k,
G is a finite group of its automorphisms, and
F is the structure sheaf O .X
 PROPOSITION 1.1 DK . Let G be a finite group acting on an irreducible
qŽ .ariety X. Then the sheaes H G, O , q 0, are equal to zero oer theX
quotient of the open subset of X where G acts freely. In particular, they are
torsion O -modules.Y
Let G be a cyclic group of order n. Then we have the isomorphisms of
O -modulesY
H 2 i1 G , O Ker TIm g 1 ,Ž . Ž .X
1.4Ž .
H 2 i G , O Ker g 1 Im T , i 0,Ž . Ž .X
H 0 G , O  O , 1.5Ž . Ž .X Y
where T 1	 g	 	g n1 and g 1, being elements of the group
 algebra  G , are the homomorphisms of the O -modulesY
T :  O  O , g 1:  O   O .Ž . Ž . Ž .X Y X X
  Ž .PROPOSITION 1.2 DK . Let G g be a cyclic group acting on a
CohenMacaulay algebraic ariety X.
Ž . Ž1 Assume that the quotient Y XG is also CohenMacaulay e. g.,
.dim X 2 . Then we hae an exact sequence of sheaes on Y,
G 1 20     E xt H G , O ,   0,Ž . Ž .Ž .Y X O X YY
where  and  are the canonical dualizing sheaes of X and Y, respec-X Y
tiely.
Ž .2 Assume additionally that g acts freely outside a closed subset of
codimension  2 or that n is inertible in k. Then
G
 
  .Ž .Y X
Ž . Ž 1Ž .. Ž 2Ž ..3  Y, H G, O   Y, H G, O .X X
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2. ARTINSCHREIER COVERINGS
Now let us recall some facts about the ArtinSchreier coverings of
Ž    .algebraic surfaces see DK or T .
Ž .Let  : X Y XG be as in Section 1 with G g of order
Ž .p char k .
Recall first a well-known fact from algebra: Any cyclic extension of
degree p of a field K of characteristic p 0 is the splitting field of an
equation x p x a for some a K. Globalizing this fact, we get the
following.
 PROPOSITION 2.1 DK . There is a canonical filtration of O -modules forY
Ž . O ,X
 O  F    F  F  O ,Ž .X p1 1 0 Y
whose quotients L  FF , i 1, . . . , p 1, are ideal sheaes in Oi i i1 Y
satisfying
L i L  L , Im T L .1 i 1 p1
All F and L are locally free oer the nonsingular locus of Y.i 1
 COROLLARY 2.2 DK . Outside a finite set S of points in Y the sheaes Li
are locally free and
L  Li.i 1
 4There exists an open affine coering U of Y  S such thati
1   p U 
 Spec O U t  t  a t  bŽ . Ž . Ž .Ž .i Y i i i i i i
Ž . p	1for some a , b  O U . The elements a define a section of L which isi i Y i i 1
Ž . 1a p 1 th power of a section s of L . The group G acts on X by the1
formula t  t 	 s , where s  s U .i i i i i
The open subset Y  S is the smooth locus of Y where the primary
components of the ideal sheaves L are all of codimension 1.i
Over Y  S, X lives in the total space of LŽ p1.. Define1
L L ** Hom Hom L , O , O .Ž . Ž .Ž .1 O O 1 Y YY Y
This is a reflexive sheaf of rank 1 on Y, hence locally free on the smooth
locus of Y. Let B be the non-negative Weil divisor corresponding to
WILD p-CYCLIC ACTIONS 49
L1 L * so that
L O B , L1 O B .Ž . Ž .Y Y
We shall call it the branch diisor of the cover  : X Y.
 COROLLARY 2.3 DK . Outside a finite set of points on Y, we hae
H 2 G , O  O Im T 
 O .Ž . Ž .X Y Ž p1.B
Proof. Take an open subset Y  Y  S where L  L .1
 COROLLARY 2.4 DK . We hae the formula for the canonical diisor K X
of X,
K  * K 	 p 1 B ,Ž .Ž .X Y
where the pull back of a Weil diisor is the closure of the pull back of its
restriction to the open subset Y  S.
Note that this adjunction formula is different from the usual one in
characteristic 0.
Ž .EXAMPLE 2.5. Take p char k  3 and consider the Z3-action on
 X Spec k u,  generated by the automorphism
g u  u , g   u	 .Ž . Ž .
Ž . 2Ž . 3 2Let wg  g    u  . Then u and w are algebraically indepen-
  gdent elements of the invariant subring k u,  and
* du dw u2 du d .Ž .
Remark 2.6. This section holds true for higher dimensions if we replace
‘‘outside a finite set’’ with ‘‘outside a codimension  2 set.’’
3. THE PROOF OF MAIN THEOREM
In this section we prove the main theorem.
Let X be a smooth projective surface, not necessarily minimal, with
1Ž . 2Ž .H X, O H X, O  0 defined over a field k of characteristicX X
p 0. Assume that X admits an automorphism g of order p. As before Y
˜Ž .denotes the quotient X g and 	 : Y Y its minimal resolution.
LEMMA 3.1.
H 2 Y , O  0.Ž .Y
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Ž .GProof. Since    is injective andY X
G G0 0H Y ,  H X ,   0,Ž . Ž .Ž .X X
we have
H 0 Y ,  H 2 Y , O  0.Ž . Ž .Y Y
LEMMA 3.2. The target cohomologies H 1 and H 2 in the spectral sequences
Ž . Ž .1.1 and 1.2 are computed as
H 1
H 2
 k .
Ž . 1Ž .Proof. Consider the second spectral sequence 1.2 . Since H X, OX
2Ž .H X, O  0,X
E p , qH p G , H q X , O  0, q 0.Ž .Ž .2 X
This immediately yields that
H n
 E n , 0 .2
0Ž . Ž .Since G acts trivially on H X, O  k and T k  0, we getX
E 2, 0H 2 G , H 0 X , O  kT k  k .Ž . Ž .Ž .2 X
Finally, it is easy to see that
E1, 0H 1 G , H 0 X , O H 1 G , k Hom G , k  k .Ž . Ž . Ž .Ž .2 X
This completes the proof.
Ž . 2Ž .Recall from 1.4 that H G, O  O Im T. Let Z be the closedX Y
Ž . 2Ž .subscheme of Y defined by the ideal sheaf Im T . Then H G, O  O .X Z
LEMMA 3.3.
Z   X g .Ž .r ed
Ž g .Proof. The inclusion Z   X follows from Proposition 1.1.r ed
Let x X g; then g acts on the local ring O , sending its maximalX , x
ideal  to itself. Since T kills constants, the image of T on O isX , x
Ž .contained in  O , the maximal ideal of O . Thus  x be-Y ,  Ž x . Y ,  Ž x .
longs to Z .r ed
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LEMMA 3.4. The fixed point set X g is non-empty and connected.
g Ž .Proof. If X is empty, then the algebraic Euler characteristic  X
must be divisible by p, the order of the group G, which is absurd.
By Lemma 3.3, X g is connected if and only if Z is connected. So it is
0Ž 2Ž ..enough to show that H Y, H G, O 
 k. To do this, consider the firstX
Ž .spectral sequence 1.1 . By Proposition 1.1 and Lemma 3.1, for any q 0,
p 1,
E p , qH p Y , H q G , O  0.Ž .Ž .2 X
 So, we can apply Proposition XV.5.5 from CE to find an exact sequence
0 E1, 1H 2 E 0, 2 0.
 

It is easy to see that
E 0, 2 E 0, 2 .
 2
So, by Lemma 3.2,
dim E 0, 2 1.2
On the other hand,
dim E 0, 2 dim H 0 Y , O  1.Ž .2 Z
This proves the assertion.
This proves the first part of our Main Theorem. To prove the second
part, we divide it into two cases:
Ž . gi X is a point.
Ž . gii X is a connected curve.
LEMMA 3.5. If X g is a point, then
H 0 Y , H 1 G , O 
H 0 Y , H 2 G , O 
 kŽ . Ž .Ž . Ž .X X
and
H 1 Y , O  0.Ž .Y
Proof. Recall that every spectral sequence gives the standard five term
sequence
0 E1, 0H 1 E 0, 1 E 2, 0H 2 . 3.1Ž .2 2 2
Ž .Apply it to the first spectral sequence 1.1 . By Proposition 1.1, for i 0
iŽ .the sheaf H G, O is concentrated at a point, so thatX
E p , qH p Y , H q G , O  0 when q 0, p 0 or p 2, q 0.Ž .Ž .2 X
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 By CE, Proposition XV.5.9 , we have the exact sequence
0H 1 Y , O H 1H 0 Y , H 1 G , O H 2 Y , OŽ . Ž . Ž .Ž .Y X Y
H 2H 0 Y , H 2 G , O H 2 Y , H 1 G , O  0. 3.2Ž . Ž . Ž .Ž . Ž .X X
Ž .By Proposition 1.2 3 , we also have
dim H 0 Y , H 1 G , O  dim H 0 Y , H 2 G , O . 3.3Ž . Ž . Ž .Ž . Ž .k X k X
Ž . Ž .Now the result follows from 3.2 , 3.3 , and Lemmas 3.1 and 3.2.
LEMMA 3.6. If X g is a point, then
Ž .1 the fixed point gies a rational singularity on Y.
˜Ž .2 the minimal resolution Y has
1 ˜ 2 ˜H Y , O H Y , O  0.˜ ˜Ž . Ž .Y Y
Proof. Note first that if X g is finite, then for i 1, 2,
H 0 Y , H i G , O 
 H i G , O . 3.4Ž . Ž . Ž .Ž . X X , x
gxX
1Ž .So, by Lemma 3.5, H G, O is a one-dimensional vector space over k.X , x
Ž .  Now 1 follows from a result of Peskin P, Theorem 6 .
˜Now 	 : Y Y is a resolution of the rational singularity. Thus
R1	O  0.Y˜
pŽ q .Since H Y, R 	O  0 for q 1, we haveY˜
1 1 ˜ 0 1 20H Y , O H Y , O H Y , R	O H Y , OŽ . Ž .Ž .˜ ˜Ž .Y Y Y Y
2 ˜ 0 2H Y , O H Y , R 	O .Ž .˜ ˜Ž .Y Y
Ž .Now 2 follows from Lemmas 3.1 and 3.5.
LEMMA 3.7. If X g is a connected cure, then Y has at most rational
˜singularities and the minimal resolution Y has
1 ˜ 2 ˜H Y , O H Y , O  0.˜ ˜Ž . Ž .Y Y
˜ ˜Proof. Let 	 : Y Y be a resolution of singularities and X be the
˜ ˜normalization of Y in the function field of X. Let Z X be its resolution
˜of singularities. Then the composition f : Z X X is a resolution of
singularities of a nonsingular surface. This easily implies that R1 fO  0,Z
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and this gives immediately that
1 1 1 ˜H Z, O 
H X , O H X , O  0.Ž . Ž . ˜Ž .Z X X
˜ ˜Ž .Now the group G g acts on X with the quotient equal to Y. Consider
the exact sequence
0 O   O  Im g 1  0, 3.5Ž . Ž .Ž .˜ ˜Y X
Ž . Ž .where g 1:  O   O is the O -module homomorphism. Since˜ ˜ ˜X X Y
˜ ˜ 1 ˜ 1 ˜Ž Ž .. Ž . : X Y is a finite morphism, we have H Y, O H X, O ˜ ˜X X
1 ˜ 0 ˜Ž . Ž . Ž Ž ..0, and hence we infer from 3.5 that H Y, O  0 if H Y, Im g 1Y˜
Ž . 0. Applying Proposition 2.1 we see that Im g 1 admits a filtration
with quotients isomorphic to ideal sheaves L of O and L  L . So, it is˜i Y i 1
0Ž .enough to show that H Y, L  0. But this is easy. Over a complement1
Ž .to a finite set of points, L  O B for some non-negative Weil divisor˜1 Y
˜ ˜ gB, the branch divisor of  : X Y. Since X is one-dimensional, B is
positive and hence L cannot have nonzero sections. This proves that1
1 ˜Ž .H Y, O  0.Y˜
˜Next, Lemma 3.1 and the Leray spectral sequence for 	 : Y Y imply
2 ˜Ž .that the singularities on Y are all rational and that H Y, O  0.Y˜
Now the second part of our Main Theorem follows from Lemmas 3.6
and 3.7.
In the rest of this section we consider the case of wild p-cyclic actions
2 Ž .on surfaces with arbitrary p  dim H X , O and q g k X
1Ž .dim H X, O .k X
THEOREM 3.8. Let X be a smooth projectie surface, not necessarily
minimal, defined oer a field k of characteristic p 0. Suppose that X admits
an automorphism g of order p with X g finite. Then
 g X  1	 q	 p .g
Ž .Proof. Consider the second spectral sequence 1.2 . It is easy to see
that
E1, 0H 1 G , H 0 X , O H 1 G , k Hom G , k  kŽ . Ž . Ž .Ž .2 X
and that
dim E 0, 1 dim H 0 G , H 1 X , O  q.Ž .Ž .k 2 k X
This implies that
dim H 1 1	 q.k
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As in the proof of Lemma 3.1, we have
G G2 0 0dim H Y , O  dim H Y ,   dim H X ,   p .Ž . Ž . Ž .Ž .k Y k X k X g
From the standard exact sequence
0H 1 Y , O H 1H 0 Y , H 1 G , O H 2 Y , O H 2 ,Ž . Ž . Ž .Ž .Y X Y
we see that
dim H 0 Y , H 1 G , O  1	 q	 p .Ž .Ž .k X g
Now the result follows from the formula
H 0 Y , H i G , O 
 H i G , O ,Ž . Ž .Ž . X X , x
gxX
and the fact that for any isolated fixed point x X the cohomology
1Ž .H g, O is a non-trivial finite-dimensional vector space over k.X , x
Also, for a smooth projective surface X with arbitrary p and q, X gg
may be a non-connected curve, as we show by the following example.
EXAMPLE 3.9. Let C and C be smooth projective curves defined over1 2
a field k of characteristic p 0. Suppose that C admits an automorphismi
g of order p. Let X C  C . Then we have the following:i 1 2
Ž . g1g 2  g1g 2   g1   g 2 1 X is finite and X C C .1 2
Ž . g1i d  g1 2 X is a disjoint union of C irreducible curves.1
Ž . Ž . Ž . Ž . Ž . Ž .Note that q X  g C 	 g C and p X  g C g C . There are1 2 g 1 2
indeed plenty of such curves C . We give a few in characteristic 3.i
Ž .i Let C be the normalization of the curve
x 3 y2 x y2 z 2 	 z 5 0 2Ž . Ž .Ž .
and g the automorphism of order 3,
g x  x	 y , g y  y , g z  z .Ž . Ž . Ž .
 g Then C has genus 4 and C 3.
Ž .ii Let C be the normalization of the curve
x 3 y2 x y2	 z 2 	 z 5 0 2Ž . Ž .Ž .
Ž .  g and g be the same as in i . Then C has genus 2 and C 2.
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Ž .iii Let C be the normalization of the curve
x x	 y x y y4 z 4 	 z7 0 2Ž . Ž . Ž .Ž .
Ž .  g and g be the same as in i . Then C has genus 8 and C 5.
4. p-TORSIONS OF RATIONAL ELLIPTIC SURFACES IN
CHARACTERISTIC p
Let S be an elliptic surface defined over k, algebraically closed and of
characteristic p 0. Namely, S is a smooth projective surface with a
relatively minimal elliptic fibration  : S1, all defined over k. We
always assume that  admits a section O: 1 S and that  has a
1 Ž .p-torsion section P:   S. Denote by  S the arithmetic genus or the
algebraic Euler characteristic of S. We have the following useful formulas.
Ž  .Height Paring Formula Shioda S, Theorem 8.6 . The height paring
² :,  was defined by Shioda on the MordellWeil group of an elliptic
² :surface. Since P is a torsion section, P, P  0. Thus the explicit formula
for the height paring has the form
2 S 	 2 P  O contr P ,Ž . Ž .Ý 

Ž .where the summation is taken over all critical values of  and contr P is
a rational number determined by the incidence relation among the divisor
1Ž .P and the irreducible components of the singular fiber   ; e.g., it is
1Ž .equal to 0 if P meets the identity component of   .
Noether Formula.
12 S  c S .Ž . Ž .2
Ž .In particular, if S is rational, c S  12.2
Picard Number Formula. For S rational, the Picard number
 S  10.Ž .
  Ž .PROPOSITION 4.1 OS . If  S  1 or 2, then the intersection number
Ž .P  O 0; i.e., P and O do not intersect each other, unless p 2,  S  2,
and all singular fibers are of type I .2 n
Proof. This is essentially proved in OS, Proposition 5.4 and Appendix
2 . For completeness’ sake we give a brief proof. We divide the proof into
three cases.
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Ž . Ž .Case i : p 5. In this case, the number contr P is not zero only if
1Ž .the singular fiber   is of type I . Let I , . . . , I be all singulara p a p a p1 r
Ž .  fibers of  of such type. Then by the formula for contr P S, p. 229 or
 .CZ , we have
r ri p i a paŽ .   
contr P    3 S , 4.1Ž . Ž . Ž .Ý Ý Ý p 4 1 1
1Ž .where we assume that P meets the i a th component of   counted 
from the identity component, and use the formula for the second Chern
number of the surface S,
r
12 S  c S  pa .Ž . Ž . Ý2 
1
Ž .This proves that 2 P  O  S and hence that P  O 0.
Ž . Ž .Case ii : p 3. In this case, the number contr P is not zero only if
1Ž .the singular fiber   is of type I , IV, or IV *, and hence3a
r2 s 4 t 2 a
contr P  	 	 ,Ž .Ý Ý 3 3 3 1
Ž . Ž .where s resp. t is the number of fibers of  of type IV resp., type IV * .
Combining this with the inequality
r
12 S  c S  4 s	 8t	 3aŽ . Ž . Ý2 
1
Ž .which holds even in the case of wild ramification , we have
8 S 2 s 4 t 8 SŽ . Ž .
2 S 	 2 P  O    ,Ž .
3 9 9 3
proving that P  O 0.
Ž . Ž .Case iii : p 2. In this case, the number contr P is not zero only if
1Ž . the singular fiber   is of type I , I , III, or III*, and hence2 a b
r ms 3t a b u
2 S 	 2 P  O contr P  	 	 	 1	 ,Ž . Ž .Ý Ý Ý ž /2 2 2 4 1 u1
Ž . Ž .where s resp. t is the number of fibers of  of type III resp., type III*
and I , . . . , I are all singular fibers of type I. Applying the inequalityb b b1 m
r m
12 S  c S  3s	 9t	 2 a 	 b 	 6Ž . Ž . Ž .Ý Ý2  u
1 u1
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Ž .which holds even in the case of wild ramification , we have
8 P  O	 2m	 s	 3t 4 S ,Ž .
Ž .proving that P  O 1 only if  S  2 and m s t 0; P  O 0
otherwise.
Ž .From now on, we assume in addition that  S  1; i.e., S is a rational
elliptic surface admitting a p-torsion section P. An immediate conse-
quence of Proposition 4.1 is that the fibration  : S1 has no fiber
which is supersingular. We apply our Main Theorem together with Propo-
sition 4.1 to this situation and get the following further information.
PROPOSITION 4.2. Let  : S1 be a rational elliptic surface defined
oer k, algebraically closed, and of characteristic p 0. Assume that 
admits a p-torsion section P. Then:
Ž .1 If  has a fiber of multiplicatie type I , then p diides n.n
Ž . 2 The fibration  has exactly one fiber of additie type II, III, IV, I ,n
IV *, III*, or II*.
Proof. Let g be the automorphism of S defined by the translation byP
the p-torsion section P.
Ž .1 Let F be a singular fiber of  of type I . Suppose that p doesn
not divide n. Then the curve P must meet the identity component of F.
Since the multiplicative group   k* has no p-torsion elements, P andm
O meet in the identity component, a contradiction to Proposition 4.1.
Ž .2 Let F be a singular fiber of additive type. Then the automor-
phism g has at least one fixed point on F. By our Main Theorem theP
number of singular fibers of additive type is at most 1. Since P  O 0, no
point of a smooth fiber or of a fiber of multiplicative type can be fixed by
g , and hence the fixed locus of g is concentrated in the union of additiveP P
type fibers. This proves that  has at least one additive type fiber.
Ž .COROLLARY 4.3. Assume p char k  5. Then an elliptic fibration on
a rational surface has no p-torsion sections.
Proof. Let  : S1 be a rational elliptic surface admitting a p-tor-
sion section P. Assume that p 5. If  has no singular fiber of multi-
plicative type, then by Proposition 4.2  has only one singular fiber, which
Žis of additive type. This is absurd. No single fiber can satisfy both
Ž . Ž . .c S  12 and  S  10. Thus,  has at least one singular fiber of2
multiplicative type I . Then the Picard number condition implies thata p
p 7. It remains to rule out the possibility that p 7. But in this case it is
easy to see that no combination of types of singular fibers containing at
least one I and exactly one additive type can satisfy c  12.7 2
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Remark 4.4. For rational elliptic surfaces in arbitrary characteristic,
  Ž Ž ..Oguiso and Shioda OS classified all pairs T , E K , where T is the
Ž .trivial lattice, or equivalently the types of the singular fibers, and E K is
the MordellWeil group of the elliptic fibration. There are 74 different
cases, some of them having nontrivial torsion sections. According to our
Ž .result, some cases from the list cannot occur if p char k divides the
Ž .order of the torsion subgroup of E K . For example, Case 73 cannot occur
in characteristic p 2, as it has two fibers of additive type. Similarly, one
can rule out the following cases.
Case 41 in char k  2, Case 42 in char k  2, Case 58 in char k  2,Ž . Ž . Ž .
Case 59 in char k  2, Case 60 in char k  2, Case 61 in char k  3,Ž . Ž . Ž .
Case 66 in char k  2, Case 66 in char k  3, Case 68 in char k  3,Ž . Ž . Ž .
Case 74 in char k  2.Ž .
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